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Abstract. We introduce the notion of an R- group of which the clas- 
sical groups R, Z and R!^ are typical examples, and we study flows 
(XjH), where X is a locally compact space and "H is a continuous K- 
group action on X with the further property that any compact set is 
absorbed (in the ordinary meaning in use in the theory of topological 
vector spaces) by any neighbourhood of some characteristic point in X 
called the center of H. The case where X is a locally compact abelian 
group is also considered. We are particularly interested in discussing 
the asymptotic properties of H, which is made possible by proving a 
deep theorem about the existence of nontrivial 'H-homogeneous positive 
measures on X. Also, a close connection with homogenization theory is 
pointed out. It appears that the present paper lays the foundation of 
the mathematical framework that is needed to undertake a systematic 
study of homogenization problems on manifolds. Lie groups included. 



1. INTRODUCTION 

The study of group actions on sets is diversely interpreted according to 
how the former and the latter are each structured. For example classical 
measure theoretic ergodic theory is based on the notion of a probability 
space {X, 8,171), i.e., X is a given set, B a cr-algebra on X, and m a prob- 
ability measure on {X, B) . Here the acting group is generally the additive 
group Z of integers, and the action consists of the iterates (in a suitable 
sense) T" (n G Z) of an m-preserving transformation T : X ^ X. Though 
our purpose is not to discourse on ergodic theory, attention must be drawn to 
two historical results that are knowledged as being the keystone of the the- 
ory, namely Birkhoff 's individual theorem and von Neumann mean ergodic 
theorem. See, e.g., [12i 15, 25] for more details and references on ergodic 
theory. One could provide the set X with a topological structure rather than 
a measure theoretic one and on the other hand, consider a topological group 
E acting continuously on X. This would lead to what is broadly interpreted 
as topological dynamics. However, some terminological details seem useful. 
By an action of a (multiplicatively written commutative) group on a set 
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X is understood here a family H = (Hi,)^^^ of permutations of X such that 
Hs o Hs' = Hse' and Hs=e (x) = x {£,e' e E, x £ X) , 

where o and e denote usual composition and the identity of E, respectively. 
If £^ is a topological group and X is a topological space, the action 71 is 
termed continuous if the map (e, x) — )■ (x) sends continuously E x X 
(with the product topology) into X, in which case the pair {X, %) is called 
a flow. The reader interested in topological dynamics is referred, e.g., to 
[71 11]. Assuming now X to be a smooth manifold and 71 to be, say a 
differentiable action of R on X, one arrives at what is commonly referred to 
as differentiable dynamics (see, e.g., [221 23, 24]). It is worth mentioning in 
passing that in both topological and differentiable dynamics, X is generally 
assumed to be compact, which allows a most highly development of the 
theory. 

This study is concerned with absorptive continuous M-group actions on 
locally compact spaces. Crudely speaking, calling E an M-group if = M, 
Z or (the multiplicative group of positive reals), we study flows (X, 7^) 
where X is a locally compact space and Ti = (Hi;)^^^ is a continuous action 
of an M-group E on X with the further property that any compact set is 
absorbed (in a sense to be specified later) by any neighbourhood of some 
characteristic point in X called the center Ti. In view of this setting, the 
present study should naturally lie within the scope of topological dynamics 
and one could be interested in discussing classical notions such as, e.g., min- 
imal sets and minimal flows, equicontinuity, proximality, distality, etc., for 
which we refer to [21 11, 13]. The orientation that commands our attention 
is quite another matter. In fact, the specificity of this study is due to the 
deep impact of the absorptiveness hypothesis in so far as the latter turns 
out to underlie a very special setting beyond classical dynamical theories. 
For example, whereas invariant positive measures and compact spaces play 
fundamental roles in classical topological dynamics, in the present context 
there exists no nontrivial invariant positive measure, and on the other hand 
the compactness assumption is proscribed. All that will be clarified later. 

One of our main objects is to investigate the asymptotic properties of 
Ti = {Hf;)^^^ for small (or large) e. So we are led to consider functions of 
the form u o H^, that is, such functions as x ^ u {Hf, (x)) of X into C (the 
complex numbers), where u is a real or complex function on X. However, 
prior to this, one needs to provide X with a positive Radon measure such 
that if u lies in W {X) (resp. L^^^ [X))., 1 < p < oo, then so also does uoH^ 
for each e £ E. One measure one naturally has in mind is an ?^-invariant 
positive measure on X, that is, a positive Radon measure A on X such that 
ife (A) = A for all e € (see Remark 11.11 below). Unfortunately, as will 
be seen later, the only nonzero ?^-invariant positive Radon measure on X 
is the Dirac measure 6uj, where u is the center of the absorptive action T-L. 
In default of ?^-invariant positive Radon measures we consider the larger 
family of positive Radon measures A on X satisfying: 

(H) To each ££E corresponds some constant c (e) > such that 



He{X) =c(e)A. 
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Remark 1.1. It is useful, perhaps, to recall that (A) denotes the Radon 
measure on X defined by H^{X){(p) = J ip {Hfr{x)) d\{x) for ip G K,{X) 
(space of compactly supported continuous complex functions on X). In 
order that a complex function u on X be integrable for Hf, (A), it is necessary 
and sufficient that the function u o be integrable for A, in which case 
/ u {He (x)) d\ {x) = Ju (x) dHe (A) (x). 

A measure having property (H) is called homogeneous for Ti, or H- 
homogeneous, or simply homogeneous when there is no danger of confusion. 
One major result achieved here is that there is always some nontrivial ho- 
mogeneous positive Radon measure on X provided each point in X has a 
countable base of neighbourhoods. It is not out of interest to mention in 
passing that homogeneous measures are particular cases of so-called quasi- 
invariant measures (see [8], p. 23, and [25], p. 237). 

The concept of mean value is often crucial in most of the situations dealing 
with asymptotic studies. It is shown here that H generates a mean value 
on X which extends various classical mean values available in mathematical 
analysis. Finally, other important notions attached to absorptive continuous 
R-group actions on X, and which are discussed here, are the notion of a 
homogenization algebra and that of sigma-convergence introduced earlier in 
the context of numerical spaces (see pLSj). We prove a compactness result 
generalizing the two-scale compactness theorem considered as the corner 
stone of a well-known homogenization approach (see [1, 17, 19]). 

The rest of the study is organized as follows. Section 2 is concerned with 
setting basic definitions and presenting preliminary results. Also, various 
notions such as M-groups and absorptive actions are illustrated by concrete 
examples. In Section 3 we introduce homogeneous measures and we es- 
tablish, among other things, the existence of such measures. Section 4 is 
devoted to the study of the mean value on {X, H,X), where X is a suitable 
locally compact space, 7i an absorptive continuous M-group action on X, 
and A a nontrivial ^^-homogeneous positive measure on X. Section 5 is con- 
cerned with the study of absorptive continuous M-group actions on locally 
compact abelian groups. Finally, in Section 6 we discuss the notion of a ho- 
mogenization algebra and the subsequent concept of sigma-convergence. We 
prove a compactness result generalizing the two-scale compactness theorem 
and hence pointing out a close connection between homogenization theory 
and absorptive continuous M-group actions. 

Except where otherwise stated, vector spaces throughout are considered 
over the complex field, C, and scalar functions assume complex values. We 
will follow a standard notation. For convenience we will merely write (X) 
(resp. LL(X)) in place of LP {X;C) (resp. Lf^ JX;C)), I < p < +oo, 
where X is a locally compact space equipped with some positive Radon 
measure. We refer to {J, 5, 10] for integration theory. 

2. DEFINITIONS. BASIC RESULTS. EXAMPLES 

2.1. Absorptive continuous M-group actions. Basic results. Through- 
out this subsection, X denotes a locally compact space not reduced to one 
point. 

We start with the definition of an M-group. 
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Definition 2.1. By an M-group is meant any abelian group E made up of 
real numbers, containing all positive integers and satisfying the following 
conditions, where the group operation is denoted multiplicatively (but the 
dot is omitted): 

(RG)i Provided with the natural order on M, ii^ is a totally ordered group. 
(RG)2 Endowed with the relative usual topology on M, is a locally 
compact group. 

(RG)3 There exists at least one nonconstant continuous group homo- 
morphism h : E ^ with the property that for each a(zE, the set 
Ea={e (z E : e > a} is integrable for the measure h.m, where m denotes 
Haar measure on E. 

Notation. Given an M-group E, we will denote by e the identity of E, 
and by 9 the greatest lower bound of -E in M = MU {— oo, +oo}. The inverse 
oi e G E will be denoted by e~^, i.e., e^'^e = e. 

We now present a few typical M- groups. 

Example 2.1. (The additive group R). The additive group M is the funda- 
mental M-group. Conditions (RG)i and (RG)2 are evident; condition (RG)3 
is satisfied with h (e) = exp {—re) (e € M), where r G M, r > (note that 
Haar measure on M is just Lebesgue measure). We have here e = and 
e = -oo. 

Example 2.2. (The multiplicative group M^). The multiplicative group 
of positive real numbers is an M-group. We only need to check (RG)3, 
the remaining conditions of Definition 12.11 being obvious. Recalling that 
Haar measure on is given by m (ip) = J^°° "^^de, G /C iR\) (space 
of compactly supported continuous complex functions on M^), we see that 
(RG)3 follows with h{e) = {e > Q), where r € M, r > 0. Here e = 1 and 
= 0. 

Example 2.3. (The discrete additive group 2). The discrete additive group 
Z is an M-group. Indeed, (RG)i-(RG)2 are evident and (RG)3 follows by 
taking h (n) = a" (n € Z) with < o < 1 and recalling that Haar measure 
on Z is given by m (93) = Yln&z ^ (v ^ ^ (^))- Here e = and 6 = —00. 

At the present time, let E be an M-group, and let % = {H^)^^^ be an 
action of -E on X. 

Definition 2.2. Let T and S be two subsets of X. One says that: 

(i) T absorbs S if there is some a (z E such that -ff^-i (S) C T for e < a; 

(ii) T is absorbent if T absorbs any singleton {x} {x G X); 

(iii) T is balanced if -ff^-i (T) C T for e < e. 

Remark 2.1. We note in passing that this terminology is justifiably bor- 
rowed from the theory of Topological Vector Spaces. On the other hand, one 
should have said Ti-absorbs, H-absorbent, H-balanced, in order to emphasize 
that these notions are intrinsically attached to Ti. However, we will omit H 
as long as there is no danger of confusion. 

The verification of the following proposition is a routine exercise left to 
the reader. 
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Proposition 2.1. The following hold true: 

(i) The set T C X is balanced if and only if £ < e' implies H^i (T) C 

HeiT). 

(a) If T is balanced and if H^-i (5) C T for some a ^ E, where S C X 
is given, then T absorbs S. 

(Hi) Any union (resp. intersection) of balanced sets is balanced, 
(iv) Any finite intersection of absorbent sets is absorbent. 

We turn now to the concept of absorptiveness. 

Definition 2.3. The action 1-i is termed absorptive if there exists some 
cj € X with the following property: 

(ABS) For any neighbourhood V oiu: and for any x G X, there are some 
neighbourhood U oi x and some a E such that -fTg-i (U) C V for e < a. 

Remark 2.2. Suppose a point cv in X satisfies (ABS). Then, for each 
X (z X, we have lim^^g H^-i [x) = u (i.e., as e 6, H^~i (x) tends to oj in 
X). 

Before we proceed any further let us prove one simple but basic result. 

Proposition 2.2. Suppose the action % is continuous and absorptive. Let 
uj satisfy (ABS). Then: 

(i) uj is invariant for Ti, i.e., (uj) = uj for all e G E; 

(a) UJ is unique. 

Proof. For any arbitrarily fixed rGi?, we have lim^^g Hr [H^-i [x)) = (w), 
as is straightforward by Remark 12.21 and use of the fact that maps con- 
tinuously X into itself. But the left-hand side of the preceding equality is 
precisely limg^g H^^^^iyi (x) = w, thanks to Remark [2. 21 once again. Hence 
(i) follows. Finally, (ii) is immediate by combining (i) with Remark 12.21 □ 

Definition 2.4. Suppose the action T-L is continuous and absorptive. 

(i) The point uj satisfying (ABS) is called the center of H. 

(ii) A set T is called bounded (for 7i) if T is absorbed by any neighbour- 
hood of UJ. 

(iii) A set T is called elementary (for Ti) if T is a balanced relatively 
compact neighbourhood of uj. 

We are now ready to develop a number of basic results. 

Proposition 2.3. Suppose the action T-i is continuous and absorptive, and 
let UJ be its center. The following assertions are true: 

(i) There is a neighbourhood base atuj made up of balanced absorbent sets. 

(ii) A set T C X is bounded (for H) if and only if it is relatively compact. 

(iii) Elementary sets (for %) do exist. Furthermore, if F is one such 
set, then, as n ranges over the positive integers, the sets Hn (F) form a 
neighbourhood base at uj whereas the sets H^~i (F) form a covering of X. 

Proof, (i): Let V be any arbitrary neighbourhood of uj. According to the 
absorptiveness, choose a neighbourhood Uq of u) and some a £ E such that 
H^-i (Uq) C y for e < a. Clearly the set Ui = iJ^-i (Uq) is a neighbourhood 
of UJ and further H^^i (Ui) C F for e < e. Hence the set U = Lls<eH^-i (Ui) 
is a balanced neighbourhood of w and U CV. Seing that any neighbourhood 
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of cj is absorbent (this is immediate by (ABS)), (i) follows, (ii): Suppose 
T is bounded. Then T C H,; (V) for some e E, where y is a compact 
neighbourhood of cu. This shows that T is relatively compact. Conversely 
suppose T is relatively compact. We may assume without loss of generality 
that T is compact. On the other hand, let U he a balanced neighbourhood 
of oj, which we may assume to be open (see the proof of (i) above). Since 
U is absorbent, to each x E T there is assigned some ax £ E such that 
X G Ha^ (U). By compactness this yields a finite family {ai}i<j<„ in E 
such that the sets (U) {1 < i < n) form a covering of T. It follows that 
T C Ha {U) with a = mini<i<„ Qj (use part (i) of Proposition 12. ip . Hence 
U absorbs T (use part (ii) of Proposition 12. ip . Therefore, (ii) follows by the 
fact that each neighbourhood of uj contains one such [/, as was established 
earlier. 

(iii): If IT is a compact neighbourhood of w, then, as shown in (i), there 
is some F C K which is a balanced neighbourhood of uj. F is clearly 
an elementary set. Now, let V be any arbitrarily given neighbourhood of 
UJ. In view of the boundedness of F (see (ii)), there is some a (z E such 
that -ffg-i {F) C y for e < a. Hence Hn {F) C V for any positive integer 
n > a~^. Finally, recalling that F is absorbent (as a neighbourhood of u) 
we see that if x G X is freely fixed, then x € (F) for e < r, where r is a 
suitable element of E. Hence x G H^-i (F) for any positive integer n > r~^. 
This completes the proof of (iii). □ 

This proposition has a few important corollaries. So, in what follows, the 
notation and hypotheses are as in Proposition 12.31 

Corollary 2.1. X is noncompact, nondiscrete, and a-compact (i.e., X is 
expressible as the union of a countable family of compact subspaces). 

Proof. We begin by verifying that X is noncompact. Let us assume the 
contrary. Let B denote the set of all closed neighbourhoods of a;. In view of 
part (ii) of Proposition 12. 3| X is absorbed by each member of B. We deduce 
that X C riKeJsK = {uj} {X being Hausdorff). This contradicts the fact 
that X is not reduced to one point, and so X is noncompact. We next show 
that X is nondiscrete. This is straighforward. Indeed, if we assume that X 
is discrete, then the set {ui} is a neighbourhood of uj and therefore {uj} is 
absorbent. Combining this with part (i) of Proposition 12. 2| it follows that 
X is reduced to {uj}, a contradiction. We finally check that X is a-compact. 
Let F be an elementary set. It is obvious that F (the closure of F) is an 
elementary set, which moreover is compact. It follows that for each positive 
integer n, the set is compact. But then, the corresponding family 

is a covering of X, according to part (iii) of Proposition 12.31 This shows 
that X is fj-compact. □ 

Corollary 2.2. For each x G X , x ^ uj , we have lim^^o (x) = oo, where 
oo denotes the point at infinity of the Alexandroff compactification of X. 

Proof. Let x G X with x ^ uj. Let K be any arbitrary compact set in X. Let 
y be a neighbourhood of uj not containing x. Thanks to the boundedness of 
K (part (ii) of Proposition 12. 3p . there is some a G E such that {X\V) C 
X\K for e < a. Hence (x) E X\K for e < a. This shows the corollary. 

□ 
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Corollary 2.3. Let F be an open elementary set. To each compact set 
K C X there is assigned some integer n > 1 such that K C H^-i (F). 

Proof. The family {F)}, where n ranges over the positive integers, 

is on one hand a covering of X (part (iii) of Proposition 12. 3p . on the other 
hand an increasing sequence (for inclusion). Hence the corollary follows. □ 

Corollary 2.4. There is a countable neighbourhood base at oj consisting of 
compact (resp. open) elementary sets. 

Proof. Let F be an elementary set. Observing that for each e & E the com- 
pact set (F) and the open set H^{F) {F the interior of F) are elementary 
sets, we are led to the desired result by [part (iii) of] Proposition 12.31 □ 

By way of illustration, let us exhibit one typical absorptive continuous 
M-group action. 

Example 2.4. On the A^-dimensional numerical space {N > 1) we 
consider the action T-L = {Hs)^^q of E = given by 

H, (x) = , X = (xi, ...,xn) G M^, (e > 0) , 

where rj G N, > {i = 1, N). The action V. is continuous and absorp- 
tive, with center the origin uj = (0, ...,0) in M^. The most typical case is 
when rj = 1 (i = 1,...,A^), i.e., (x) = f , x G . 

Further examples will be presented in the next subsection. Now, we will 
end the present subsection by turning our attention to proving that the 
product of a finite family of absorptive continuous actions of the same M- 
group is still continuous and absorptive. More precisely, let {Xi}^^^^^ be 
a finite family of locally compact spaces. For each integer i {1 < i < n), 
let Tii = {hi) be an action on Xi of a fixed M-group E. Put X = 
Xi X • • • X Xn (a locally compact space with the product topology) and 
= Hi X • • • X ff" (direct product) for fixed e ^ E. It is worth recalling 
that Hf, is the mapping of X into itself defined by 

He (x) = {Hi {pn (x)) , H^ {pvn {x))) {x G X) 

where pri denotes the natural projection of X onto Xi. The family T-L = (-ffe)^^ 
is an action of E on X, and is referred to as the product of the actions T-Li 
(1 < i < n), sometimes denoted by 7i = n'^^^Tii = Hi x ■ ■ ■ x Hn- 

Proposition 2.4. Let the notation and hypotheses be as above. Assume 
moreover that each action Hi is continuous and absorptive, and of center 
uji. Then, the product action H is continuous and absorptive, and of center 

UJ = (Wi, ...,UJn)- 

Proof. We begin by showing the continuity. To this end we introduce the 
mappings H : E x X ^ X , W : E x Xi ^ Xi {I < i < n) and fi : E x X ^ 
E X Xi {1 < i < n) defined respectively by 

H (e, x) = He {x) , W {s, t) = HI (t) and fi {e, x) = {e,pr, (x)) 

for e G i?, X G X and t G Xi. Clearly 

H (e, x) = {H^ (/i (e, x)) , (/„ {e, x))) 
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for (e, x) £ E X X, and the claimed continuity follows at once. 

We now check the absorptiveness. Let y be a neighbourhood of w = 
(wi, ...,ijJn) in X. Let Vi x ■ ■ ■ x Vn C V, where Vi is some neighbourhood 
of uji in Xi (1 < i < n). Finally, let x £ X. For fixed z, the absorptiveness 
of T-Li yields some OiGE and some neighbourhood Ui of pvi (x) in Xi such 
that Ui C HI (Vi) for e < Oj. Hence U C (V) for e < a, where a = 
mini<j<„ Oj and C/ = f/i x • • • x [7„ (a neighbourhood of x in X). This 
shows the absorptiveness oi Ti. □ 

2.2. Contraction flows. The study of contraction flows provides further 
examples of absorptive continuous M-group actions. 

Definition 2.5. By a contraction flow we will mean a pair {X,T-L) in which: 
(CF)i X is a complete locally compact metric space not reduced to one 
point; 

(CF)2 Ti = (H^)^^^ is an action of an M-group, E, on X with the following 
properties: 

(i) For each fixed x X, the map e (x) sends continuously E into 

X. 

(ii) For each e G E, we have 

d{H,{x),H,{y)) ^ , 

sup — r < +00, 

x,yGX, Xy^y " [X, y) 

where d is the metric on X. 

(iii) We have 



e 



Iim sup — r = 0. 

^+'^x,y£X, xjty d{x,y) 



In what follows, {X, Ti) denotes a contraction flow, and the basic notation 
is as in Definition 12.51 For each e (z E, let 

X d{H,{x),H,{y)) 

l{£)= sup — ^ , 

x,yeX, x^y " {X, y) 

which defines a nonnegative real function on E denoted /. 

Remark 2.3. For fixed e e E, we have d {H^ (x) , (y)) < I {e) d {x, y) for 
all X, y G X. Moreover, / [e) is the smallest constant for which this inequality 
holds true. 

A few useful properties of the function / are collected below. 

Lemma 2.1. The following assertions hold true. 

(i) The function I actually maps E into M^. 

(ii) We have: 

(2.1) I {ee') <l{e)l {e') for all e, e' G E, 

(2.2) l{e) = l, 

(2.3) lim/(e"^)=0, 



R-GROUP ACTIONS ON LOCALLY COMPACT SPACES 



9 



(2.4) sup I [e ^) < +00 for any a e E. 

Proof. In fact, (i) amounts to saying that I (e) > for all e G E. But this 
follows immediately by the fact that each is one to one. Let us turn now 
to the verification of (ii): (|2.ip - (|2.2p follow immediately by Remark 12.31 and 
(j2.3p is a direct consequence of property (iii) in Definition 12.51 It remains 
to verify (j2.4p . Based on (|2.3p . let us fix some Eq £ E such that / (s~^) < 1 
for s < Sq. With this in mind, let now a € E. Consider any arbitrary e (z E 
with e < a. Let t = a~^eQe. Noting that I {t~^) < 1, and recalling (|2.ip . 
we see at once that / {s^^) = I {^aoi^^t^^) < I (eo«^^) ^ (*^^) < ^ {^oc^^^)- 
Hence dMD follows. □ 

We are now in a position to prove the following result. 

Proposition 2.5. The action % is continuous and absorptive. 

Proof. We begin by proving the continuity. Let (eo,a^o) be freely fixed in 
E X X. Choose a (z E with sq < a, and put J = (9, a] PI E. The set J is a 
neighbourhood of Eq in E and, thanks to (|2.4p . we have d {H^ (x) , (y)) < 
Cod (x, y) for e € J and x, y & X, where the constant cq depends only on eq 
and a. Hence, given {s,x) G J x X, by the inequality 

d {H, {x) , (xo)) < d [H, {x) , H, (xo)) + d {H, (xq) , H,, (xq)) 

we have 

d {He (x) , (xo)) < Cod (x, xq) + d {He (xo) , Heo (xo)) . 

From which we deduce, using part (i) of Definition 12. 5| that 

d {He (x) , He(, (xo)) ^ as (e, x) {eq, xq) m. E x X. 

This shows the continuity of the action %. We next show the absorptiveness. 
We will first establish the existence of an invariant point w € X for T-i. For 
this purpose, let < A; < 1. According to ()2.3p . there is some Eq G E such 
that 

d{He-i {x),He~i {y))<kd{x,y) 

for e G / = {6, eq] n E and x,y £ X. Therefore, by the classical fixed-point 
theorem, there exists a map e ^ a (e) of / into X such that He-i {a (e)) = 
a (e) for e (z I. Furthermore, the same theorem says that for fixed e (z I, the 
point a (e) is the unique solution of the equation He-i (x) = x (x E X). 
This being so, fix freely a, fi (z I. Clearly 

(«))) = ^,3-1 (a (")) • 

By unicity, as pointed out above, this implies -f^^-i (a (a)) = a{a). But, 
-fT^-i (a(/3)) = a(/3). Hence a {a) = a(/3), and that for all a, /3 G I. This 
means that the map e — ?> a (e) is constant. In other words, there is a unique 
point to (z X such that -ff^-i (w) = uj for all e (z I. It trivially follows that 
He {w) = oj for all e (z I. But this extends to the whole E because e G E\I 
implies e~^Eq E / and therefore He (w) = oj. This shows the existence of an 
invariant point u ^ X and it is clear that the latter is unique. 
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Now, let y be a neighbourhood of u. We may assume without loss of 
generality that V is the open ball with center oj and radius some r > 0, i.e., 

V = B {u:,r) = {y e X : d{ijj,y) < r} . 

Let X ^ X. The aim is to find some neighbourhood C/ of x and some a (z E 
such that H^-i (U) C V for e < a. Let us first assume that x = oj. By 
the obvious relation H^-i {B {io,r)) C B {u},rl and use of ()2.3p . one 

quickly arrives at H^~\ {V) <ZV for e < a, where a G -E is chosen in such 
a way that / < 1 for e < a. We assume now that x ^ u). Using ()2.3p . 

once again, choose some a G E such that / (s^^) < 2d(L x) ^ < ^-^d 
bear then in mind that d{uj,x) < ^, where c = sup£<^ / (^~^) (^^e ()2.4p ). 
Finally, choose some constant ri > such that ri + < ^. This being 

so, fix freely e < a. If y £ B {x,ri) = {z G X : d{x, z) < ri}, then, by using 

d {u, H,-. {y)) < d {cj, H,-i (x)) + d {H,-, (x) , H,-^ {y)) 

we get 

d {u, H,-i (y)) < I (e-i) [d {u, x) + d (x, y)] 

< I (e^^) [d{uj,x)+ri] 

< r. 

Hence H^-i (B (x,ri)) C V for e < a. This shows the absorptiveness. □ 

Thus, the notion of a contraction flow provides an example of an absorp- 
tive continuous M-group action. Let us illustrate this still more. 

Example 2.5. Let T-L = {H^)^^^ be an action of E on M^, E being a given 
M-group and (with N >1) being equipped with the Euclidean metric. 
We suppose that: 

(1) Each is an automorphism of (viewed as an A^-dimensional 
vector space); 

(2) for each x G R^, the map e ^ Hf, (x) sends continuously E into M ; 

(3) lim^^+oo \He {x) \ = for each x G M^, where |-| denotes the Euclidean 
norm in M^. 

We want to show that this action is continuous and absorptive. Thanks 
to Proposition 12.51 it suffices to verify that (M^,?^) is a contraction flow. 
Clearly we only need to show that conditions (ii)-(iii) of (CF)2 (Definition 
12. 5p are fulfilled when % is the action under consideration here and X is . 
First of all, being provided with the canonical basis, the automorphism 
is represented by an x real matrix B (e) = {hij (£))i<j jxad so that 

N 

Hi (x) = {e)xj for x = (xi,...,X7v) G (1 < i < iV) , 

i=i 

where HI is the i-th component of H^ = [H^, ...,/?^). One deduces imme- 
diately that 



(2.5) lim 6, (e) = {l<i,j<N) 
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Actually, (|2.5p is equivalent to (3). On the other hand, 

N 

Hi (x) - HI (y) = b^J {e) {xj - y,) for x, y e M^, e G E. 

Hence 

\He{x)-H,{y)\ < \\B{e)\\\x-y\ for x, y&M.^,eeE, 

where 



N 

\B{e)\\= I [^^^•(^)]' 
Therefore the desired result follows. 

Example 2.6. Let P : — ?> be a linear transformation. For e G E 
M, we define 

+ CO 

I — I 1" 

n Tin 



exp(-.P) = 



n=0 

Next, let A; G R with k > \\P\\ = sup|^.|<x \Px\. We define = (i^e)^^]^ as 
Hg (x) = exp {—ke) exp {—eP) x for x G M^. Each is an automorphism 
of and for fixed x G M^, the map e — t- i^^ (x) sends continuously M into 
M^. Finally, we have \He (x)| < e'^^-^^^^^'^" \x\ for x G , e G M. Hence it 
follows that the one parameter group Ti meets the requirements of Example 
12.51 ^-iid is therefore an absorptive continuous action of M on . 

3. HOMOGENEOUS MEASURES 

Throughout the present section, E denotes an M-group (with e and 9 
defined as in subsection 2.1), X denotes a locally compact space not reduced 
to one point, and V. = {H;.)^^^ denotes an absorptive continuous action of 
E on X with center uj. 

Let us observe that, according to Proposition 12.21 the measure 6uj (Dirac 
measure at w) is invariant for 7i, i.e., H^ (6^)) = S^j for e & E. One may 
naturally question whether there exist other invariant positive measures on 
X. The next proposition will allow us to answer this question. Let us make 
a definition beforehand. 

Definition 3.1. A Radon measure A on AT is termed nontrivial if A is 
distinct from both 5^ and (the zero measure on X). 

Finally, before turning to the statement and proof of the alleged proposi- 
tion, it is worth recalling that the notion of a homogeneous measure on X 
is defined in Section 1. 

Proposition 3.1. Let X he a nontrivial positive Radon measure on X. Sup- 
pose A is homogeneous (for % ). Then there exists a continuous group ho- 
momorphism h : E ^ R*^_ such that: 

(3.1) H,{X) = h{£-^)\ {e£E), 

(3.2) \imh{e~^) =0. 
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On the other hand, we have that 

(3.3) A(M) = 0. 

Proof. First of all, it is trivial that for fixed e & E, the number c (e) in (H) 
(see Section 1) is unique. This yields a map e — t- c (e) of -B into R!j_. This 
map is a homomorphism, i.e., c (ee') = c (e) c (e') for e, e'&E, as is immediate 
by the equality H^^i (A) = if^' (iJg (A)) (see [1], p. 72). Let us show that this 
homomorphism is continuous. It is enough to check the continuity at e = e. 
For this purpose, fix (/p G /C {X) with A ((/?) = 1 (such a f exists because A is 
nonzero). Then 

(3.4) c (e) = J\p {He (x)) d\ (x) {e E) . 

Now, let F be an open elementary set containing the support of ip (use 
corollary 12.31 and observe that the set H^~i (F) therein is elementary) and 
lei a & E with a > e. The set / = {0,a]r] E is a neighbourhood of e in £' 
and we have H^-i (F) C H^-i (F) for e £ I. It follows that Supp {if o H^) C 
H^-\ (F) for e G I {Supp stands for "support"). Hence 

(3.5) \ip {He {x))\ < f (x) (x G X, e G /) , 

where / is the characteristic function of H^~i (F) in X. Therefore the 
claimed continuity follows by a classical argument (see, e.g., [5|, p. 144). 
The result is that the map h : E ^ given by /i (e) = c(e~-^), e £ E, 
is a continuous homomorphism and further (|3.1|) holds. The next point is 
to check (|3.2|) . that is, linie^g c{e) = 0. To this end, let ip G /C (X) with 
if {uj) = and A {f) = 1 (such a if does exist because A is nontrivial; use [S], 
p. 43, Lemme 1). For any x G X {x = u included!), we have ip {H^ (x)) — >■ 
as e — > 0, as is straightforward by Corollary 12.21 and use of the fact that 
p has a compact support. Hence, by (|3.4|) - (j3.5|) and use of the dominated 
convergence theorem, it follows that lim^.^^ c (e) = lim^.^^ h = 0. It 

remains to check that ()3.3p holds. Let F be a compact elementary set. In 
view of part (iii) of Proposition !^^ we have nj^^i/„ {F) = {io}. Combining 
this with the relation Hn+i {F) C Hn {F) and using a classical argument 
from integration theory we arrive at A ({w}) = lim„_j.+oo A {Hn {F)). Hence 
the claimed result follows by the equality A {Hn {F)) = h (n) A {F) and use of 
the fact that h (n) ^ as n — > +oo (this is straightforward from (j3.2p ). □ 

As a direct consequence of this, there is the following corollary. 
Corollary 3.1. There exists no nontrivial invariant positive measure on X 

(for n). 

The next result is about the existence of nontrivial homogeneous positive 
measures. 

Theorem 3.1. Suppose each point in X has a countable base of neighbour- 
hoods. Then, there is always some nontrivial homogeneous positive Radon 
measure on X. More precisely, to each group homomorphism h : E ^ 
meeting the requirements of (RG)3 (in Definition \2. 1\) . there is attached a 
nontrivial positive Radon measure X on X satisfying 13. 
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Proof. Let us fix a homomorphism h : E ^ as stated above. Let u = 
h-m, where m denotes Haar measure on E. Thus, is the Radon measure 
on E given by v (if) = J ip{e)h (e) dm (e) for G /C {E). Now, fix a nonzero 
positive Radon measure /i on X with compact support S contained in the 
open set X* = X\ {uj} (e.g., ^ is the Dirac measure at some point a £ X*). 
On the other hand, fix freely some x G X* and denote by Gx the map of E 
into X given by Gx (e) = (x) (e € E). Our prehminary task is to check 
that this map is z^-proper (i.e., Gx is i/- measurable and further the inverse 
image, G~^ (iC), of any compact set K C X is z^-integrable) so we can define 
the image measure Gx (i^) on X (see, e.g., [3], p. 69). To begin, note that 
Gx is z^-measurable, since it is continuous. Next, let K be any compact set 
in X. According to Corollary 12.21 we may consider some a € E such that 
Hs (x) G X\K for e < a. Then, we have (K) C E^ = {e e E : e > a}. 
Hence the integrability of G~^ (K) follows from that of Ea (see (RG)3). 
Consequently we can define A^; = Gx (i^), i.e., A^^ is the Radon measure on 
X given by 

A, {ip) = J if {He {x)) du (e) [ipeJC (X)) 

and that for any arbitrarily fixed x G X*. The measure A^. is nonzero 
(indeed, according to [1], p. 70, Corollaire 4, the support of A^. is precisely 
the closure of Gx (E) in X) and manifestly positive. 

At the present time, let (X) stand for the convex cone of all positive 
Radon measures on X, Ai^ (X) provided with the relative weak * topology 
on M (X) (space of all complex Radon measures on X). We introduce the 
mapping A : X ^ A^_|_ {X) given by 

A (w) = 5u] and A (x) = Xx x ^ co, 

where 5^ is Dirac measure (on X) at u. Our purpose is the following: Firstly 
we show that A is //-integrable (for integration of positive measures see [1]), 
i.e., for each fixed ip € IC (X),the complex function x ^ A (x) (93) on X is 
//-integrable. Secondly we show that the integral of A for fi, namely the 
measure A = J A{x) dfj, (x) on X, has the required properties. This will be 
accomplished in two steps. 

Stepl. The aim here is to show that A is ;U-integrable. So, let ip £ K. (A) 
be arbitrarily fixed. We begin by verifying that the map x — > A (x) (99) of X 
into C is ^-measurable. Noting that the set {u} is /U-negligible, we see that 
it is enough to check that the map x — t- A^ (93) of X* into C is continuous. 
We will need the following property: 

(P) To any given compact set K C X* there is attached some a £ E 
such that \if{Hi;{x))\ < ||9?||oo (^) for e G -E, x G K, where fa denotes 
the characteristic function (in E) of E^ = {e £ E : e > a}. 

To establish (P), we introduce a compact elementary set F such that Suppip C 
F (use Corollarv l2.3p . Put U = X\F and bear in mind that e < e' implies 
Hf.{U) C H^i (U). Now, fix freely any compact set K C X*. By assigning 
to X G -fC some Ux £ E such that x G H^-i (U) (use Corollarv 12. 2p . we 

get an open covering < H^-i ([/) > of K, from which we extract a finite 
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family {h^-i ([/)} 



l<i<n 



covering K. It follows that K C H^-i (U) with 



a = mini<j<„ Oi, hence (K) C U for e<a. We deduce that (p {H^ (x)) = 
for X E: K and e<a, from which (P) follows. 

Having made this point, the continuity of the function x ^ \x {(f) {x G X*) 
at any arbitrarily given a G X* follows by choosing in (P) the compact 
set K as being a neighbourhood of a and then applying a classical argu- 
ment (see [5], p. 144) to the mapping {e,x) — )• (p [H^ (x)) of E x X into C. 
This shows the /i-measurability of the function x — )• A{x){ip) {x E X). 
Thus, to conclude that this function is /x-integrable it only remains to check 
that some nonnegative /i-integrable function ^ : X ^ M. exists such that 
|A(x)((^)| < Tp (x) for /i-almost all x G X, or equivalently (see, e.g., [5], 
p. 156) such that \xs {x) A (x) {ip)\ < ijj (x) for /^/-almost all x € X, where Xs 
is the characteristic function of S (the support of /i) . But this is straightfor- 
ward by (P). Indeed, choosing in (P) the particular compact set K = S yields 
some a^E such that \xs i^) {'p)\ < llvlloo ^ i^a) Xs (^) all x G X with 
x ^ oj. This completes Stepl. 

Step2. According to Stepl, we may put 



Specifically, A is the positive Radon measure on X given by A {p) = j Xx {p>) dfi (x) 
{ip £ JC (X)), or more explicitly (see [i], p. 17) by 



Our purpose in the present step is to verify that A has the required prop- 
erties. The first point will be to verify that A is nonzero. Let G /C (X) 
with ip > and ip = 1 on S {(p exists by Urysohn's lemma; see also [5], p.43. 
Lemma 1). We claim that X{(p) ^ 0. Indeed, assuming the contrary leads 
to / Xx {^p) tp (x) du (x) = A (ip) = 0, where ip G IC {X), ip > 0, ip = 1 in a 
neighbourhood of S, tp having support in X* . Consequently A^; (ip) ip (x) = 
for any x € S (use [5], p. 69, Proposition 9). Hence A^; ((/?) = for x G S*. We 
deduce that (p (i/^ (x)) = for x G S and e £ E (note that the support of v 
is the whole E). Therefore ip = on S, a contradiction and so A is a nonzero 
positive measure. The next point is to establish (|3.1|) . To this end fix freely 
some s (z E and begin by recalling that the translate r^z^ is defined to be 
the Radon measure on E given by r^i/ (/) = / / {se) du (e) (/ G /C {E)), 
and by bearing the equation = h (s-i) u in mind (this is immediate by 
the translation invariance of m). Then, given any arbitrary G /C (X), one 
has 



A 
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= h{s ^) J (<^) d/i (x) 
= h {s-^) j ipdX. 

Hence ()3.ip follows. Finally it is clear that X ^ 6uj, since h is not the constant 
homomorphism x ■ ^ ~^ ^+ (viz. xi^) =1 ^or £ £ E). The theorem is 
proved. □ 

We are now able to set the following definition. 

Definition 3.2. By a homogenizer we will mean a triple {X, 7i, A) in which: 

(i) X is a noncompact locally compact space and further each point in X 
has a countable base of neighbourhoods; 

(ii) H is an absorptive continuous M- group action on X; 

(iii) A is a homogeneous nontrivial positive Radon measure on X. 

It is worth recalling that if X is as above, then, on one hand its topology 
is never the discrete one, on the other hand X is cr-compact (see Corollary 
[2:1]). 

Remark 3.1. Given a homogenizer {X^T-L, X), we shall always assume that 
X is equipped with the measure A. 

4. MEAN VALUE 

Throughout the present section, (X, 'H,A) is a given homogenizer with 
T-L = (H^)^^^, where E is the acting M-group (with e and 9 as before; see 
subsection 2.1). On the other hand, to the measure A there is attached a 
(unique) continuous homomorphism h : E such that (|3.1|) - (j3.2|) hold 

true. 

Before embarking upon discussing the mean value on {X, T-L, A), let us first 
draw attention to what is generically meant by a mean value on a topological 
space. Let T be a Hausdorff topological space, and let B (T) denote the space 
of bounded continuous complex functions on T. We provide B (T) with the 
supremum norm, viz. \\u\\^ = sup^g^ \u{t)\ {u & B (T)), which makes it a 
Banach space. 

Definition 4.1. A mean value on T is defined to be an unbounded linear 
operator m from B (T) to C with the following properties: 

(MV)i The domain, D(m), of m is a closed vector subspace of B (T) 
containing the constants. 

(MV)2 We have 

(i) m (/) > for / G D (m) with / > 0, 

(ii) m(l) = 1. 

There is no difficulty in verifying that a mean value m on T satisfies the 
inequality \m{f)\ < for / G D (m) (proceed as in [20], Proposition 

12. ip . Likewise it is an easy exercise to give various examples of mean values 
(see, e.g., [20]). 

We turn now to a more specific case. Let n°° {X,T-L,X) be the space of 
those functions u £ B (X) for which a complex number u exists such that 
u o Hi; ^ u in L°° (X)-weak * as e — )• 0, where we still call u the constant 
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function / G S{X), f (x) = u (x G X). It is an easy matter to check 
that {X,T-L,X) is a closed vector subspace of B (X) (equipped with the 
supremum norm). 

Definition 4.2. By the mean value on {X,'H,X) is meant the unbounded 
linear operator M from B (X) to C, whose domain is D (M) = n°° {X, H, A) 
and whose value at u € D (M) is M (n) = u (the above weak limit). 

The mean value on {X,7i,X) verifies (MV)i-(MV)2 (this is an easy exer- 
cise) and so Definition 14.21 is justified. Furthermore, as will be clarified in 
the next section, the mean value on (X, 'H,A) generalizes the mean value 
for ponderable functions introduced earlier on numerical spaces (see |20j ) . 
On the other hand, it extends various notions of mean value available in 
mathematical analysis. Let us exhibit two such examples. 

Example 4.1. Let Boo (X) be the space of continuous complex functions u 
on X such that limj^^oo u (x) = ^ € C, where oo is the point at infinity of the 
Alexandroff compactification of X. Boo (X) is a closed vector subspace of 
B {X), and the (unbounded) linear operator m from B (X) to C defined by 
D (m) = Boo (X) and m (u) = lima^^oo u (x) for u (z D (m), is a mean value 
on X called the mean value for BooiX). This being so, it is immediate 
by dominated convergence (use (|3.3p and Corollary 12. 2p that Boo (X) C 
{X, Ti, A) and M (u) = m (n) for u (z D (m), and so M is an extension 
of m. 

Example 4.2. Take X = {N >!),% = {He)^~^Q with (x) = | for 
X G (see Example 12. 4p , and A as being Lebesgue measure on R'^ . It is a 
classical fact that (A) = X for e > 0, so that the triple (M^, "H, A) is a 
homogenizer. Now, putting Y = (0, 1)^^ , let Cper (Y) be the space of those 
continuous complex functions u on M'^ that are y-periodic, i.e., that satisfy 
u{y + k) = u (y) for y G and k G (Z denotes the integers). Cper [Y] 
is a closed vector subspace of B (M^) , and the (unbounded) linear operator 
m from B (M^) to C defined by D (m) = Cper {Y) and m {u) = fyU (y) dy 
{u G Cper (Y)), is a mean value on M^. Furthermore, it is well-known that 
Cper{Y) C n°°(R^,-H,A) and m{u) = M {u) for n G D (m) (see [3]). 
Thus, the mean value on (R^, T-L, A) extends the mean value for y-periodic 
functions on M^. 

Thus, in all probability, the mean value on {X,7i,X) is a useful tool for 
the study of the asymptotic properties of the action H. To see that the 
mean value on {X,H,X) is actually necessary for this purpose, let us fix 
freely u £ (X). According to (|3.ip . we have 

J u {He (x)) dX (x) = h (e-^) j u (x) dX (x) , 

hence, by ([32]), 

lim / u{He {x))dX{x) = 0. 
e^e J 

More generally, for u £ (X) {1 < p < +oo), it is immediate that 
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\\u o H^\\J^p^J^^^ — > as e — >■ 0. Therefore, to have significative information 
about the asymptotic properties of V. we had the need to introduce an 
alternative notion to integration, namely the mean value on {X,7i,X). 

However, in order to know more about the asymptotic properties of Ti, 
we need to extend M beyond {X, H, A). 

Let us fix freely a real p > 1. We first of all introduce the space H*' {X, 7i, A) 
of those functions u G Lf^^ (X) for which the sequence {u o H^)^^^ is bounded 
in Lf^^ (X). This is a vector subspace of Lf^^ (X). Furthermore, let By^ be 
an open elementary set in X (Definition 12. 4p . Let 

(4.1) = sup ( / \u{Heix))\PdX{x)]'' 

for n G (X, Ti, X), which defines a seminorm on (X, Ti, X). 

Lemma 4.1. The preceding seminorm is actually a norm under which 
{X, H, X) is a Banach space. 

Proof. For each compact set K C X, put 

qK{u)=snp( [ \u{Hs{x))\PdX{x)]" {u drP {X,H,X)) , 

e<e \Jk J 

which gives a family of seminorms {qk} (K ranging over the compact sets 
in X) on {X, %, A). The natural topology on EP {X, %, A) is that defined 
by this family of seminorms. So topologized, EP {X,'H.,X) is a separated 
locally convex space. Moreover, because X is fi-compact, this topology may 
be defined by a countable family of seminorms as above, so that there is a 
countable base of neighbourhoods at the origin in rP {X^l-L^X). The result 
is that the proof of the completeness of rP {X,'H,X) is equivalent to that 
of the sequential completeness. But then the sequential completeness of 
rP {X^l-L^X) follows by a classical method using the facts that Lf^^ (X) is 
complete, HP(X, ■H,A) is continuously embedded in L]^g^(X), and for fixed 
e G -B, the transformation u — >■ uoH^ maps continuously L^^^ {X) into itself. 
Thus, the lemma is proved if we can check that the (natural) topology on 
EP {X^Ti^X) is equivalent to that defined by the seminorm in (|4.ip . which 
seminorm will then turn out to be a complete norm. However, a little 
moment of reflexion reveals that the whole problem reduces to showing that 
to each compact set i^T C X corresponds some constant c = c {K, T-L) > 
such that 

(4.2) (^j \u{Hs{x))\PdX{x)Y <c\\u\\^p 

for all n G {X, 7i, A) and all e G with e < e. So, let K he a compact set 
in X. Based on Corollarv 12.31 and recalling that the sequence {H^-i (B^u)} 
(ra ranging over the positive integers) is increasing (see part (i) of Proposition 
12. ip . we can choose some integer n > e such that K C (B-y). This 

being so, let e G e < e, and u & EP {X^T-i^X) be fixed in an arbitrary 
manner. Then 

/ \u{He{x))\PdX{x)< [ \u{He{x))\P dX{x). 
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In the sequel Xa denotes the characteristic function of a set A'vn X, and for 
convenience / stands for the function in L\^^ {X) which is given by / (x) = 
\u{H^-i,{x))f (x G X). Thus 

/ \u{H,{x))\PdX{x)= [ f{Hn{x))dX{x) 

f {Hn (x)) (Bn) i^) (^) 

{fXBn)iHn{x))dX{x) 

h{n-') I f{x)xBn W d\{x) 

■ h{n-^) [ f{x)dXix) 
Jbh 



= h{n-^) / \u{H^-i,{x))\^ dX{x) , 

J B-u 

where we have made use of the equality Xh (b-u) = Xb-u °^n- Hence (14. 2p 
follows by letting c = [h (n~^)] p and observing that n~^e < e. □ 

Now, for real p> 1, we define (X, "H, A) to be the closure of {X, Ti, X) 
in EP {X, n, A). Provided with the EP {X, U, A)-norm, XP {X, Ti, A) is a Ba- 
nach space, thanks to Lemma l4.1i 

Having made this point, one can easily show the next result. 

Proposition 4.1. The mean value on {X,7i,X) extends by continuity to a 
(unique) continuous linear form on XP {X, T-L,X) still called M. Furthermore, 
given u & XP (X, 7^, A) and a fixed relatively compact open set Q in X, we 
have u o Hgr ^ M (u) in LP {^)-weak as e ^ 9, where u o is considered 
as defined on $7. 

Proof. For V € n~ (X, -H, A), we have 



i;{He{x))dX (x) 



■H 



<X{BHVUh, {e<e 



where p' = Letting e ^ 6, this gives |M(^)| < X{By)^v IIV'IIhp- 

Hence the first part of the proposition follows by extension by continuity. 
The second part can be easily deduced from this by mere routine (see, e.g., 
the proof of ^j. Proposition 12. 5p . □ 

Remark 4.1. We have (X) C XP {X^T-L^X) with continuous embedding 
and further M (u) = forn e (X). 

We will later need to know about the behaviour of u o (as e 6) for 
LP (Q; U°°), where n°° = n°° (X, V., A) and Q is an open set in X. 

The character throughout denotes a nonempty open set in X (the case 
fl = X being included). In the case 0, ^ X, $7 is provided with the relative 
topology on X and with the induced measure A^ = X\q. 

Now, let e G be fixed. For u G L}^^ (fi x X), we put 

(4.3) {x) = u{x,Heix)) (xen) 
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whenever the right-hand side makes sense. On this point it is worth noting 
that the set D {e) = {{x,Hi; (x)) : x e ft} C X x X is neghgible for the 
product measure A(g) A (see [18], Section 4), so that, except in obvious cases 
such as that in which u is a continuous function on Q x X, it is in general 
a dehcate matter to give a meaning to the trace u\j^^^-^ of u E Lj^^ {Q x X). 
The least obvious case that concerns us is when u lies in 

More generally, let A be a closed vector subspace of B{X), A being 
equipped with the supremum norm. Let 1 < p < +oo be arbitrarily fixed. 
For u ^ W {VL; A), let A/" C be a A-negligible set such that for each fixed 
X G Q\Af, the map y ^ u{x, y) of X into C lies in A. We may then consider 
the mapping z — ?> u{x,Hs (z)) which sends continuously X into C. Hence 
the complex number u {x, (x)) is well defined for any x G i}\J\f. This 
yields a function x ^ (x) from to C defined (almost everywhere in 0) 
by ()4.3p . Let us make this more precise. 

Lemma 4.2. Let 1 < p < +oo. For each u ^ [Q; A), we have u'^ € {Q) 
and further the transformation u ^ maps linearly and continuously 
LP {n; A) into LP (Q) with 

(4.4) h'\\LPin)<\H\Lv{n;A) {ueLP{n;A)). 

Proof. Let u & LP {0,;A). The first point is to check that li^ is measurable 
(for A). For this purpose fix freely some compact set K C and some 
real r] > 0. Since u is measurable from to A, there is some compact set 
K' C K such that A {K\K') < r] and further u\j^, (the restriction of u to K') 
maps continuously K' into A. Clearly the measurability of will have been 
established if we can verify that is continuous on K' . To show this, let 
a G K' . Fix freely a > 0. Considering that the function x u{a, He (x)) is 
continuous on (7 and in particular at x = a, we can choose a neighbourhood 
[/ of a in such that \u (a, He (x)) — u (a, H^ {a))\ < ^ for all x £ U. On 
the other hand, it is clear that there exists a neighbourhood V of a inn such 
that \\u{x,.) -u{a,.)\\^ < | for all x £ V D K' . Hence (x) -n^(a)| < 
a for all X G U D V D K' , and the measurability of u'^ follows thereby. 
Finally, we evidently have \u{x,y)\ < ||tt (x, .) H^^^ for all x G Q,\N' and all 
y £ X. It follows that |tt'^(x)| < ||n(x,.)||j^ for all x G Q\M. Recalling 
that is measurable, we deduce that lies in LP (Q) and further ()4.4p 
holds. The linearity of the transformation u ^ u'^ being evident, the proof 
is complete. □ 

We are now in a position to investigate the desired asymptotic properties. 
In the sequel A denotes a closed vector subspace of n°° = n°° (X, T-L, A) (the 
case A = included), A being provided with the supremum norm. It is 
worth recalling that lC{Vt;A) denotes the space of continuous functions of 

into A with compact supports. For u £ LP (J7; A), 1 < p < +oo, we put 
u (x) = M {u (x)), X G rJ, which gives a function u £ LP {Q). If in particular 
■u G /C {VL]A), then u £ K, (17). 

Proposition 4.2. The following assertions are true for any closed vector 
subspace A o/H^ {X,n, A); 

(i) For u G IC {Q;A), we have ^ u in L°° {Q)-weak * as e ^ 0. 
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(ii) For u ^ L'P A) {1 <p < +00), we have ^ u in (0,)-weak as 

Proof. We first prove (i). Let /C {Vt)®A be the space of all complex functions 
on $7 X X of the form 

with a summation of finitely many terms, 99^ G /C ($7), Wi S A. According to 
the definition of n°° (X, "M, A), it is clear that (i) holds true with IC (il.) A 
in place of IC{n;A). But this implies the whole of (i) in an obvious way 
because IC (il.) A is dense in /C {^;A) (provided with the inductive limit 
topology) (see, e.g., 0, p. 46). It remains to check (ii). But this follows by 

(i) and use of the density of IC {^l; A) in {Q; A) (the way of proceeding is 
a routine exercise left to the reader). □ 

5. ABSORPTIVE CONTINUOUS M-GROUP ACTIONS ON 
LOCALLY COMPACT ABELIAN GROUPS 

In all that follows, G denotes a locally compact abelian group additively 
written, not reduced to its neutral element. 

5.1. Basic results. We start with one simple but fundamental result. 

Proposition 5.1. Let E he an M-group, and let H = (H^)^^^ be an ab- 
sorptive continuous action of E on G. We suppose moreover that H is 
compatible with the group operation in G, i.e., (x + y) = (x) + (y) 
for X, y G G, e & E. Then: 

(i) The center ofH coincides with the neutral element of G. 

(ii) G is metrizable. 

(Hi) G is a-compact, noncompact and nondiscrete. 

(iv) Haar measure on G is nontrivial and homogeneous (for %). 

Proof. The neutral element of G is clearly an invariant point (for %). But 
there is only one invariant point which is the center of % (see Proposition 
12. 2p . This shows (i). By combining this with Corollarv 12.41 we see that the 
neutral element of G has a countable base of neighbourhoods, which implies 

(ii) (see, e.g., [6], chap. IX, p. 23); (iii) follows by Corollarv 12. 11 Finally, let A 
be Haar measure on G. Evidently A is nonzero. On the other hand, because 
G is nondiscrete, we have X{{u}) = (see, e.g., j8], p. 242), where a; is 
the neutral element of G (coinciding with the center of H). Thus \ ^ 5^^, 
hence A is nontrivial. Now, for fixed e € -E, it is clear that Hg, (A) is a Haar 
measure on G, since Hg, is a topological (group) automorphism of G. Hence, 
by unicity (up to a multiplicative constant) of Haar measure, there is some 
c (e) > such that (A) = c (e) A, which shows (iv). □ 

Let E be an M-group, and let % = {H^)^^^ be an absorptive continuous 
action of E on G, which we moreover assume to be compatible with the group 
operation in G. As usual, G denotes the dual group of G, that is, the set of all 
continuous homomorphisms of G into the unit circle U = {2;€C:|2;| = 1}. 
Points in G are referred to as the continuous characters of G. Provided with 
multiplication (the product of two continuous characters is defined in an 
obvious way) and with the topology of compact convergence, G is a locally 
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compact abelian group. The value of 7 € G at some point x G G will be 
denoted by {'y,x). Recalling that uj denotes the center of Ti which is also 
the neutral element of G, we will use the symbol tD to denote the identity of 
G, i.e., Q is the continuous character of G defined by (a),x) = 1 for x G G. 
We also recall that the dual of is defined to be the map : G ^ G such 
that {Hgr (7) ,x) = i^jH^ (x)) (7 S G, X G G). It is immediate that is 
a topological automorphism of G, and further the family 7i = [H^)f,^E is an 
action of £^ on G which is compatible with the group operation in G. We 
call Ti the dual of the action Our purpose is precisely to establish that 
the dual action 1-i is continuous and absorptive. Let us observe beforehand 
that G / {D}, since G ^ {uj} (see [H], p. 38, Corollaire 2.3). 

Proposition 5.2. The dual action % = {H^)s^e is continuous and absorp- 
tive. 

Proof. Let us show the continuity. Specifically, the aim is to establish that 
the map (e, 7) Hfr (7) sends continuously E x G into G, or equivalently 
that (5,7) — )• H^-i (7) maps continuously E x G into G. To do this, fix 
freely (eo,7o) & E x G. Let ^ be a neighbourhood of H^-i (7q) in G. We 
may assume without loss of generality that 



y={7GG: |(7,x)-(#-i (7o 



,x 



< Q for all X G if 



where i^T is a compact set in G and a is a positive real number. Now, recalling 
that each continuous character of G is uniformly continuous, we see that we 
may consider a neighbourhood W of u in G such that | {'yo,x) — (7q, y) | < § 
for all X, y G with x — y G W. On the other hand, let / be a compact 
neighbourhood of Eq in E. Observe that the map (e, x) H^-i (x) is 
uniformly continuous of I x K (a, compact set) into G; thus, as x ranges 
over K, the maps e — > H^,-! (x) of / into G form an equicontinuous family 
at eo (see [6], Chap.X, p. 13, Proposition 2). This yields a neighbourhood J 
of eo in E such that H^-i (x) — H -1 (x) G W for all e G J and all x (z K. 
Therefore 

(70,^.-1 (x)) - (70,^^0- (^))| < f (e G J, X G i^) . 

With this in mind, we next consider a compact neighbourhood F of cj in G 
and some rjGE with r] > eq, such that H^-i (K) C F foi e < r] (let Fq be a 
compact neighbourhood of oj in G, and according to part (ii) of Proposition 
12. 2^ let r/o G -E be such that -f^^-i (K) C Fq for e < t/q. Choose a positive 
integer n such that nrj^ > Eq. Then t] = nrjQ and F = H^-i {Fq) fit the 
statement). Finally, we put Jq = J fl (0,??) (a neighbourhood of in EJ) 

and [/q = I7 £ G : [(7, x) — (79, x)| < ^ for 2; G -F| (a neighbourhood of 79 

in G). Then Hf,-i {Uq) C F for e G Jq. In other words, we have -ffg-i (7) G V 
for (e,7) G Jo X ?7o. The continuity of T-L follows. 

We now check the absorptiveness. Clearly it is enough to verify that any 
compact set in G is ?^-absorbed by any neighbourhood of tD. To this end 
let r be a compact set in G and y be a neighbourhood of tD in G. For 
an obvious reason we may assume without loss of generality that V = 
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I7 € G : 1(7, x) — 1| < a for X € K^, where K is some compact set in G 

and a some positive real. By Ascoli's theorem, F is an equicontinuous fam- 
ily of complex maps on G and hence there is a neighbourhood C/ of cj in G 
such that 1(7,2/) — 1| < a for y G [/ and 7 G F. Finally, choose tj G E such 
that -ff^-i (K) C [/ for e < tj (part (ii) of Proposition I2.2p . Then, from all 
that one quickly deduces that H^-i (F) C V for e < r]. This completes the 
proof. □ 

In the sequel A denotes Haar measure on G. 

Proposition 5.3. Let the notation and hypotheses be as above. Then the 
mean value M on {G,7i,X) is translation invariant. Specifically, for u e 
n°° (G, n,X) anda€ G, we have TaU G n°° (G, Ti, A) and further M (Tau) = 
M {u), where Tau{x) = u{x — a) (x G G) . 

Proof. Clearly we are through if we can show that as e — ?> ^, 

99 (x) {TaU) {He (x)) dX (x) ^ M (u) f (x) dX (x) 



for any G /C (G). For this purpose, fix one such ip. Let i? be a compact 
neighbourhood of to, and let c > be a constant such that \\u\\^ X {Supptp — B) < 
c. Now, let 7/ > 0. By uniform continuity, consider a neighbourhood V oi oj 
such that \ip (x) — 99 (y)| < - whenever x, y £ G with x — y G y. Further- 
more, fix a G -E such that H^-i (a) G ^ PI (— -B) whenever e < a. Then 

If (x) ti {He (x) — a) dA {x) — If (x) u (i/^ (x)) dX (x 



u {He {y)) [if {y + He-i (a)) - 95 (y)] dX (y) 



provided e < a. Hence the proposition follows. □ 

Thus, the mean value on (G, H, X) is a mean value on the locally compact 
group G (see |20) . Definition 12. ip . On the other hand, the mean value 
on (G,?{,A) generalizes the mean value for ponderable functions on R^, 
and there is no serious difficulty in showing that the results established in 
subsection 4.1 of [20] carry over mutatis mutandis to the present setting. In 
particular there is the following 

Proposition 5.4. Let f G L^{G). Lf u e U°°{G,n,X), then f*ue 
U°° {G,n,X) and 



M{f*u) = M{u) J f{y)dX{y). 

Proof. This follows by a simple adaptation of Proposition 14.11 of [20j . □ 

5.2. Almost periodic functions. Let the notation and hypotheses be as 
above. Our goal here is to show that the mean value on {G,T-L,X) is an 
extension of the mean value for the almost periodic continuous complex 
functions on G. For the benefit of the reader we recall that a map u : G ^ C 
is called a Bohr almost periodic function, or an almost periodic continuous 
complex function on G, if u lies in B (G) and further if the translates t^u 
(a G G) form a relatively compact set in B (G). The space of such functions is 
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commonly denoted by AP (G), and is a Banach space under the supremum 
norm. More precisely, AP (G) with the supremum norm and the usual 
algebra operations in B (G) is a commutative C*-algebra with identity. On 
the other hand, given u G AP{G), it can be shown that the closed convex 
hull of the set {tqU : a G G} in B (G) contains one and only one constant 
m (u) called the mean of u (see, e.g., [14j, p. 94, and [20]). This yields a map 
u ^ m (u) of AP (G) into C, called the mean value on G for AP (G) (see 



Proposition 5.5. Let the notation and hypotheses be as before. Then, the 
mean value M on (G, 'H, A) is an extension of the mean value m for AP (G) . 
Specifically, we have AP (G) C {G, H, A) and M (u) = m (u) for u G 
AP{G). 

Proof. The whole problem reduces to showing that for u G AP (G), 

(5.1) uoHe^m{u) in (G) -weak * ase^O. 

Let V be the set of all finite linear combinations of continuous characters of 
G. Recalling that the continuous characters of G lie in AP (G) and further 
AP (G) coincides with the closure of "P in (G) (see, e.g., |14j. Chap. 5, and 
[IB] . Chap. 10), we see that it is enough to show (|5.ip for u G P or better 
still, for = 7 G G. In other words, the proposition is established if we can 
verify that, given any arbitrary f € (G) (/ independent of e, of course), 
we have as e ^ 6, 

' (7, H, (x)) f (x) dX (x) ^m{^) I f (x) dX (x) 



or equivalently 



(7, He (x))/ (x) dX (x) -^mi^) f (x) dX (x) 



for all 7 G G, where 7 denotes the map x — )• (7, x) (complex conjugate of 
(7, x)) of G into C. This convergence result is trivial if 7 = c<5 (the identity 
of G), since m (tD) = 1. So we assume in the sequel that 7 7^ 2. Recalling 
that we have in this case m (7) = (this is well-known) , we see that we are 

through if we can check that lims^gTf (^H^ (7)^ = 0, where Tf denotes 

the Fourier transform of /. But lim^^e H^ (7) = 00 (the point at infinity of 
the Alexandroff compactification of G), as is straightforward by combining 
Proposition 15.21 with Corollary 12.21 Hence the desired result follows by the 
Riemann-Lebesgue lemma. □ 

Thus, Proposition 14.21 is valid with X = G, Ti compatible with the group 
operation in G, A Haar measure on G, j4 = AP (G). 

6. HOMOGENIZATION ALGEBRAS 

The aim here is to point out a close connection between homogenization 
theory and absorptive continuous M-group actions. 

Let {X, H, A) be a homogenizer with 7i = (-ffe)^^^, where E is the acting 
M-group. The basic notation is as before. In particular M is the mean value 
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on {X,T-L,X), and the entities e, 6 attached to E are defined in subsection 
2.1. 

Definition 6.1. We cah a homogenization algebra (or an H-algebra) on 
{X, T-L, A), any closed subalgebra A of B (X) with the following properties: 

(HA)i A with the supremum norm is separable. 

(HA) 2 A contains the constants. 

(HA) 3 If n G ^, then u (u the complex conjugate of u) 
(HA)4 AcD{M) = U'^ {X, n, A). 

In the sequel the -ff-algebra A is assumed to be equipped with the supre- 
mum norm. Thus, j4 is a commutative C*-algebra with identity. We denote 
the spectrum of A by A (j4) (i.e., A (A) is the set of all nonzero multi- 
plicative linear forms on A) , and we endow A {A) with the relative weak * 
topology on A' (topological dual of ^4). As is classical, A (A) is a compact 
space (see, e.g., [8j, p. 304, and [J£j, p. 71). Furthermore, in view of (HA)i, 
A (^4) is metrisable. The Gelfand transformation on A will be denoted by 
G. It is worth recalling that G is the mapping of A into C (A {A)) such 
that Q (n) (s) = {s,u) (s G A (^4) , u G A), where the brackets denote the 
duality pairing between A' and A. It is also worth knowing that G is an 
isometric isomorphism of the C*-algebra A onto the C*-algebra C (A (A)) 
(see, [E], p.277). 

The appropriate measure on A (A) is the so-called M-measure for A de- 
noted below by /3. 

Proposition 6.1. There exists a unique Radon measure 13 on A (A) such 
that M (u) = /^(-^^ G (u) (s) df3 (s) for all u ^ A. Furthermore, f3 is positive 
and of total mass 1. 

Proof. The functional ^ M {G~^ ((/?)) (y? G C (A (^))) is a positive con- 
tinuous linear form on C (A (A)) attaining the value 1 on the constant func- 
tion 1. Therefore the proposition follows. □ 

In the sequel it is always assumed that A (yl) is provided with the measure 

We present below a few examples of ff-algebras. 

Example 6.1. We assume that X is metrizable. Let Boo (^) be as in Ex- 
ample [jTj We claim that this is a homogenization algebra on (X, 'H,A). 
Indeed, letting A = Boo i^), it is clear that we only need to check (HA)i. 
Because X is both metrizable and c-compact (Corollary 12. ip . its topology 
has a countable basis and hence Boo {X) under the supremum norm is sep- 
arable (see Chap. IX, pp.18, 21, and Chap.X, p. 25). 

Example 6.2. Let the setting be as in Example 4.2. Then, the space 
A = Cper (Y) is an H-algebra on (M^, n,X). 

Example 6.3. Let {G, Ti, A) be a homogenizer in which: G is a locally com- 
pact abelian group not reduced to its neutral element, the action Ti = {H^)^^^ 
is compatible with the group operation, and A is Haar measure on G (see 
Section 5). The space AP {G) introduced in subsection 5.2 is a closed sub- 
algebra of B{G) satisfying conditions (HA)2-(HA)4 (see Proposition 15. 4p . 
Unfortunately AP [G) fails to carry out (HA)i and hence we are led to 
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restrict ourselves to some specific subalgebras. Let TZ he a countable sub- 
group of G. We define APti (G) = {u e AP (G) : Sp (u) C 7^} with Sp (u) = 

I7 G : m (714) ^ o| (spectrum of u), where m denotes the mean value on 

G for AP (G). Note that the definition of AP-ji (G) makes sense because the 
spectrum of any function in AP (G) turns out to be a countable set. This 
being so, let V-jz be the linear span of TZ, that is, the space of all finite linear 
combinations of elements of TZ. AP-ji (G) coincides with the closure of V-jz 
in B (G) (see [H], p. 93, Proposition 5.4) and therefore APti{G) is separa- 
ble under the supremum norm. Thus, it becomes an elementary exercise to 
check that APu (G) is an iZ-algebra on (G, T-L,X). 

We will conclude the present section by discussing sigma-convergence. 

Let 17 be a nonempty open set in X, with the same notation and assump- 
tions as in Section 4. On the other hand, let 5 be a family in E admitting 9 
as an accumulation point. For example S = E. In the particular case where 
S = (en)„gN with En & E, En < e and e„ — > as n -> -|-oo, we will refer to 
5 as a fundamental sequence. Finally, let 1 < p < -|-oo, and let ^ be a given 
homogenization algebra on {XjT-L, A). 

Definition 6.2. A sequence {u£)£qs ™ (^) provided with the induced 
measure Xq = X\q if Q 7^ X) is said to weakly S-converge in L/ (Q) to some 
uoeLP{nx A {A)) if as 5 9 e ^ 0, 



Ue (x) -0^ (x) dX (x) — ^ / / uq (x, s) tp {x, s) dX (x) d(3 (s) 

n J JnxA{A) 

for all 1/; G LP' {^l;A) (^ = 1 — i), where ■i/'^ is defined as in (|4.3p (thanks 

to Lemma l4.2p . and is the function in ($7; C (A {A))) given by ^p (x) = 
Q {ip (x)) {Q the Gelfand transformation on A). 

This notion generalizes the notion of the same name introduced earlier 
in the framework of numerical spaces (see [E]). It also generalizes the well 
known concept of two-scale convergence (see [H 17, 26]) and further it can be 
shown that most of the results available in the two-scale convergence setting 
carry over mutatis mutandis to the present setting. We will here focus on 
the S-compactness theorem generalizing the so-called two-scale compactness 
theorem (see [TUl 1, 17]). 

Theorem 6.1. (T,- compactness theorem). Assume that 1 < p < +00. Sup- 
pose X is metrizable. Let S be a fundamental sequence and let a sequence 
(^^e)egs bounded in (Q). Then, a subsequence S' can be extracted from 
S such that the corresponding sequence {us)^^gi is weakly Ti-convergent in 
LP{n). 

Proof. First of all we note that, because X is metrizable, the topology on X 
(a fj-compact locally compact space) has a countable basis (use |B.], Chap. 
IX, p. 21, Corollaire) and hence the same is true of 0. Therefore, since A is 
separable, it follows that L^' {^l;A) (^ = 1 — i) is separable. 
With this in mind, let 

Ce (^) = J^Ue (x) V (x. He (x)) dX (x) G LP' {Q; A)^ , 
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where e is freely fixed. In view of Lemma 14.21 this yields a sequence 
{^e)e£S ™ [-^^ (^;^)]' (topological dual of LP {Q;A)) which is bounded 
m the [LP {ft; A)]' -norm. Hence, by a classical argument (partly based on 
the separability of the Banach space LP {Q;A)) one can extract a subse- 
quence S' from S such that iZ^ — )■ £ in [Lp' {Q; A)]'-weak * as S' 3 e ^ 

6, or equivalently such that as S" 9 e — )• 0, we have Ce{ip) l^L,^"^ 

for all %l) E Lp'(0;j4) (^ defined above), where L is the continuous lin- 
ear form on L^' (0; C (A (^))) defined by {L,^) = {£.,g-^o^) for ip G 
LP (il;C (A (A))), being the inverse Gelfand transformation on A. The 
next point is to characterize the functional L. To this end let ^ ^ (0; j4). 
It is clear that 



C,m<c[ / \^{x,H,{x))f XK{x)d\{x) 



{e G 5) 



where c = sup^gg ll^ellLP(Q) < -ftT is a compact set in containing the 
support of tjj, and Xk the characteristic function of K in f]. By letting 
S' 3 e ^ 9 and applying Proposition 14.21 (with u (x,y) = \ip {x,y)f , x £ Q, 
y G X) we get 



for any G (r2; A). Thus, 



< c 



Lp'{nxA{A)) 



for ah G /C (0;C (A (^4))) = /C (il x A (A)). By extension by continuity 
[based on the density of /C (J]; C (A (^))) in Lp' {Q x A{A)) = Lp' (q-Lp' {/\{A)) 
and use of the Riesz representation theorem, it follows that 



nxA(yl) 



no (x, s) ^ (x, s) dX (x) (i/3 (s) 



for ah V G -Z^^' (f^;^), where no G LP {Q x A(y4)). The theorem follows 
thereby. □ 



Theorem 16. II generalizes the two-scale compactness theorem in three ma- 
jor directions: 1) the numerical spaces M" on which classical homogenization 
theory is framed are here replaced by more general locally compact spaces; 
2) the usual group action (e,x) | (see Example 12. 4p underlying classical 
homogenization theory is here replaced by more general absorptive contin- 
uous M-group actions; 3) instead of the classical periodic setting, we have 
here a general setting associated to the notion of a homogenization algebra 
and covering a great variety of behaviours such as the periodicity, the almost 
periodicity, and many more besides. 

It appears that the present work lays the foundation of the mathematical 
framework that is needed to undertake a systematic study of homogenization 
problems on manifolds. Lie groups included. 
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